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Abstract
We consider the effects of a light quark mass in the soft-collinear effective theory (SCET) and we
apply them to B¯ → Xsγ in the endpoint region. We find that the reparameterization invariance
can be extended by including the collinear quark mass in the SCET Lagrangian. This symmetry
constrains the theory with the quark mass terms, and we present explicit results at one loop.
It also relates the Wilson coefficients of some mass operators to those of the leading operators,
which are useful in organizing the subleading effects due to the quark mass in B¯ → Xsγ. We
present strange quark mass corrections to B¯ → Xsγ in the endpoint region as an application. The
forward scattering amplitude from the mass corrections is factorized, and it can be expressed as
a convolution of the m2s/p
2
X-suppressed jet function and the leading-order shape function of the
B meson. This contribution should be added to the existing subleading contributions from the B
meson shape functions to obtain complete subleading corrections.
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I. INTRODUCTION
The soft-collinear effective theory (SCET) [1, 2, 3] has been widely used to describe
high-energy processes which include energetic light particles. It is obtained from QCD by
integrating out the degrees of freedom which are larger than a typical energy scale, Q. The
effective theory contains a rich class of symmetries, and these symmetries of SCET provide us
with new insight into factorization theorems [3, 4, 5] and enable us to perform a systematic
power counting in hadronic processes [6]. SCET has been applied successfully to many high
energy processes such as exclusive B decays [7, 8, 9, 10, 11, 12], inclusive B decays [1, 13],
quarkonium production and decay [14], deep inelastic scattering [15], and jet physics [16].
In SCET, the momentum of a light energetic particle has three distinct scales and can
be written as
pµ = n · pn
µ
2
+ pµ⊥ + n · p
nµ
2
= O(λ0) +O(λ1) +O(λ2). (1)
Here n and n are light-cone vectors satisfying n2 = n2 = 0, n · n = 2 and λ is a small
parameter. In many processes, λ is chosen as
√
Λ/Q or Λ/Q, where Λ is a typical hadronic
scale. The effective theory which has a small expansion parameter λ ∼
√
Λ/Q is called
SCETI and the effective theory in which physical quantities are expanded in powers of
λ ∼ Λ/Q is called SCETII. If there are contributions at intermediate scales of order
√
QΛ, we
employ the two-step matching in which SCETI is obtained from the full theory by integrating
out the hard modes of order p2 ∼ Q2, and SCETII is obtained by successively integrating
out hard-collinear modes of order p2 ∼ QΛ [3].
At leading order in SCET, the collinear quarks are regarded as massless. Because the
mass of a light quark, m, is very small compared to the hard scale Q or the intermediate
hard-collinear scale
√
QΛ, the quark mass can be neglected at leading order in λ. However,
the light-quark mass terms [12, 17, 18, 19], and in some situations the charm quark mass
[20] can be included in the framework of SCET. In Ref. [18], the authors first considered
the quark mass in the SCET Lagrangian. Any operators including the light quark mass are
formally suppressed by Λ/Q or more compared to the leading contribution. However if there
are no leading terms, the quark mass can appear at leading order. SU(3) breaking effects
can be of this type since the strange quark mass can be numerically regarded as of order Λ
(it is not possible to treat isospin breaking effects in this way since the masses of the up and
down quarks are too small to be regarded as of order Λ). Another remarkable point about
the quark mass is that it can give an enhanced contribution to some hadronic processes in
SCETII due to the different power counting schemes in SCETI and SCETII. Although they
do not appear at leading order in SCETI, since the quark mass terms are suppressed by
Λ/Q, light quark masses can give significant corrections to the matching process related to
hard-collinear degrees of freedom. The contribution of the quark mass to the decay rate can
be of order m2/(Q2(1− x)) ∼ Λ/Q near the endpoint 1− x ∼ Λ/Q. This is one of the main
themes to be investigated in this paper.
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SCET can be extended to include the light quark mass, which we regard as of order
Λ. We can systematically implement the quark mass in SCET and consider its renormal-
ization behavior. We find that the reparameterization invariance [7, 21] still holds for the
transformations of type-I and type-III in spite of the presence of the quark mass. But the
transformation of type-II does not hold in its original form. However the transformation of
type-II can be modified (or extended) to include the quark mass so that the symmetry still
exists. This extended reparameterization invariance relates the leading operators to some
subleading operators that include the quark mass. In practical applications, the strange
quark mass is the only light quark mass that is relevant and we consider the quark mass
effects in B¯ → Xsγ near the endpoint as a concrete example. Naively, the mass terms give
corrections of order m2/m2b compared to the leading order contribution. But contributions
of order m2/[m2b(1 − xγ)] with xγ = 2Eγ/mb can arise, which are of order Λ/mb near the
endpoint region.
In this paper we investigate the effects of the quark mass in SCET and consider the
symmetries including a quark mass. We also consider the renormalization effects and the
Wilson coefficients of the mass operators in SCET. We then apply these results to B¯ → Xsγ
in the endpoint region and discuss the contribution of the quark mass terms. In section
II, the SCET Lagrangian with the light quark mass is constructed. We find an extended
reparameterization transformation under which the Lagrangian is invariant, and we divide
the Lagrangian into two reparameterization-invariant combinations. In this procedure, we
show that the original reparameterization invariance symmetry without a quark mass can
be extended by modifying the transformation of the collinear quark. We describe the con-
sequence of the extended reparameterization invariance on the renormalization behavior of
the mass operators. In section III, the Wilson coefficients of the effective operators including
the quark mass are obtained to first order in αs from the matching between full QCD and
SCET. Also their renormalization behavior is presented with the effective theory quark mass
renormalization at one loop. In section IV, the corrections due to the strange quark mass
in B → Xsγ near the endpoint region are considered. They can give corrections of order
Λ/mb, contrary to naive expectations. From the matching of the heavy-to-light current be-
tween the full theory and SCETI, we obtain the subleading current operators including the
quark mass. We then consider the time-ordered products of the currents and mass opera-
tors contributing to the decay rate in SCET. We show that the forward scattering amplitude
with the mass corrections factorizes, similar to the leading-order result, and the jet function
can be expanded in powers of the quark mass. Finally the results are summarized and the
conclusions are presented in the final section.
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II. MASS OPERATORS AND THE REPARAMETERIZATION INVARIANCE
In SCET, the collinear quark in the full theory is decomposed into
ψ(x) =
∑
p˜
e−ip˜·xqn,p(x) =
∑
p˜
e−ip˜·x
(n/n/
4
+
n/n/
4
)
qn,p(x)
=
∑
p˜
e−ip˜·x
(
ξn,p(x) + ξn,p(x)
)
, (2)
where p˜µ is a label momentum, and n/n/
4
qn,p = ξn,p,
n/n/
4
qn,p = ξn,p are the projected spinors.
After integrating out the off-shell field ξn¯,p [18], the SCET Lagrangian with a quark mass is
written as
LSCET = ξn,p′n · iD
n/
2
ξn,p + ξn,p′iD/⊥
1
n · iD iD/⊥
n/
2
ξn,p
+ mξn,p′[iD/⊥,
1
n · iD ]
n/
2
ξn,p −m2ξn,p′
1
n · iD
n/
2
ξn,p, (3)
where a summation over the label momenta is implied, and the covariant derivative Dµ is
given by [2]
Dµ = Dµc +Dµus,
iDµc = Pµ + gAµn,q, iDµus = i∂µ + gAµus. (4)
Let us consider first SCETI with the expansion parameter λ ∼
√
Λ/Q, in which the
ultrasoft (usoft) fields can interact with the collinear fields. The usoft momentum is of order
Λ, and p⊥ ∼
√
QΛ. For a collinear strange quark, if we treat the sizes of the quark mass m
and iDus to be of the same order O(λ
2), the term proportional to m in Eq. (3) is of order
O(λ) and the term proportional to m2 starts from O(λ2). In this case, the mass terms in
SCET are suppressed at least by order λ compared to the leading Lagrangian, and the spin
of the collinear quark is preserved at leading order in SCET.
Integrating out the hard-collinear degrees of freedom with p2hc ∼ QΛ to obtain SCETII,
the usoft fields are decoupled from the collinear fields [3], and the Lagrangian of the collinear
quark sector in SCETII can be written as
LIIc = ξn,p′n · iDc
n/
2
ξn,p + ξn,p′iD/
⊥
c
1
n · iDc iD/
⊥
c
n/
2
ξn,p
+ mξn,p′[iD/
⊥
c ,
1
n · iDc ]
n/
2
ξn,p −m2ξn,p′
1
n · iDc
n/
2
ξn,p, (5)
where
iDµc = (n · P + gn ·An,q)
nµ
2
+ (Pµ⊥ + gAµn,q,⊥) + (n · P + gn · An,q)
nµ
2
= O(λ0) +O(λ1) +O(λ2). (6)
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Here the expansion parameter λ is of order Λ/Q, and the collinear fields have momenta p2c ∼
Λ2. Contrary to SCETI, the mass terms in Eq. (5) belong to the leading-order Lagrangian.
Therefore the effects of the mass terms can be important at leading order.
Before we investigate the effects of the radiative corrections for the new operators with
a quark mass in Eq. (5), it is useful to consider the symmetries of SCET with the quark
mass. In Refs. [7, 21], it has been shown that the SCET Lagrangian without the quark mass
has a reparameterization invariance. One of the consequences is that the kinetic energy in
SCET is not renormalized to all orders in αs. And when we consider current operators in
SCET, there are subleading operators which form a reparameterization-invariant combina-
tion with the leading operators. In this case, the Wilson coefficients of these subleading
operators are the same as those of the leading operators to all orders in αs. When the mass
terms are included in SCET, the situation is slightly different. In this case, we can find an
extended reparameterization transformation under which the Lagrangian is still invariant,
and the Lagrangian consists of two independent sets of the operators which are separately
reparameterization invariant. A similar example exists in the heavy quark effective theory
(HQET) [22, 23, 24], in which the chromomagnetic operator belongs to a different repa-
rameterization invariant combination from the kinetic term in HQET, and has a nontrivial
Wilson coefficient.
Let us consider the effect of the mass term on the reparameterization invariance and
how we can extend the reparameterization symmetry with the quark mass. The Lagrangian
before integrating out ξn¯,p is given by
L =∑
p˜,p˜′
ei(p˜
′−p˜)·x
(
qn,p′iD/ qn,p −m qn,p′qn,p
)
, (7)
where the quark field in SCET is given by qn,p = ξn,p + ξn¯,p, and the covariant derivative is
Dµ = Dµc +Dµus. Here the covariant derivative Dµ is invariant under the reparameterization
transformation since it is a four-vector, which does not change under a different basis of nµ
and nµ. Furthermore, the quantity
∑
p˜ e
−ip˜·xqn,p is the quark field in the full theory, which
also does not change under the reparameterization transformation. Therefore the two terms
in Eq. (7) are separately reparameterization invariant. Thus, there are two independent
reparameterization-invariant combinations in Eq. (3), (5), and (7) if we can still find the
appropriate reparameterization invariance.
In fact, there is a reparameterization invariance which can be extended to the case with
the mass term. The original reparameterization invariance combined with the gauge in-
variance requires that the covariant derivative Dµ not change under the transformations of
type-I, II and III in Ref. [21]. We can find the same types of the reparameterization trans-
formations under which the Lagrangian with the quark mass is invariant. In this case, we
only need to check if the quark field
∑
p˜ e
−ip˜·xqn,p in the full theory remains invariant under
these three types of the transformation. Using the equation of motion, we can write the
5
quark field in the full theory in terms of ξn,p as [18]
ψ(x) =
∑
p˜
e−ip˜·xqn,p =
∑
p˜
e−ip˜·x
[
1 +
1
n · iD (iD/⊥ +m)
n/
2
]
ξn,p. (8)
Without the mass term, the quark field ψ has the original reparameterization invariance.
With the mass term, ψ is not invariant under all of the original reparameterization
transformations. ψ is still invariant under the reparameterization transformations of type-I
and III, but not the transformation of type-II. In order to see this, it is enough to look at the
term proportional to the quark mass in Eq. (8) under the type-II transformation, in which
the light-cone vector nµ changes to nµ+ εµ⊥ with infinitesimal ε
µ
⊥. The transformation yields
m
n · iD
n/
2
ξn → m
n · iD + ε⊥ · iD⊥
(n/
2
+
ε/⊥
2
)(
1 +
ε/⊥
2
1
n · iD iD/⊥
)
ξn
= m
( 1
n · iD
n/
2
ξn − 1
n · iDε⊥ · iD⊥
1
n · iD
n/
2
ξn +
1
n · iD
ε/⊥
2
ξn
+
1
n · iD
ε/⊥
2
1
n · iD iD/⊥
n/
2
ξn
)
6= m
n · iD
n/
2
ξn, (9)
which clearly shows that the mass term is not invariant under the transformation of type-II.
However, we can find an extended transformation of the spinor under the type-II trans-
formation such that ψ remains invariant, and in the limit of the zero quark mass, the
transformation reduces to the original transformation of type-II.
Suppose that the spinor ξn changes as ξn → ξn+ δξn under the transformation of type-II.
Then ψ transforms as
[
1 +
1
n · iD (iD/⊥ +m)
n/
2
]
ξn →
[
1 +
1
n · iD + ε⊥ · iD⊥ (iD/⊥ −
ε/⊥
2
n · iD − n/
2
ε⊥ · iD⊥ +m)
]
× (n/
2
+
ε/⊥
2
)(ξn + δξn). (10)
Requiring that it be invariant under the transformation, the solution for δξn is given by
δξn =
ε/⊥
2
1
n · iD (iD/⊥ −m) ξn, (11)
which reduces to the original reparameterization transformation of type-II without the quark
mass. If we plug this solution into Eq. (10), we obtain
δII
[
1 +
1
n · iD (iD/⊥ +m)
n/
2
]
ξn = − 1
n · iD
ε/⊥
2
×
[
n · iD + iD/⊥ 1
n · iD iD/⊥ +m(iD/⊥
1
n · iD −
1
n · iD iD/⊥)−m
2 1
n · iD
] n/
2
ξn = 0, (12)
using the equation of motion, Eq. (3). So the extended transformation of type-II on the
spinor with the quark mass can be written as
ξn
II−→
[
1 +
ε/⊥
2
1
n · iD (iD/⊥ −m)
]
ξn. (13)
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Therefore the reparameterization symmetries in the presence of the light quark mass in
SCET still exist with the only modification of the spinor under the transformation of type-
II, while the other transformations remain intact.
As mentioned above, there are two independent reparameterization-invariant combina-
tions in Eq. (7). Putting Eq. (8) into Eq. (7), each combination can be written as
qn,p′iD/ qn,p = ξn,p′
[
n · iD + iD/⊥ 1
n · iD iD/⊥
]n/
2
ξn,p +m
2 ξn,p′
1
n · iD
n/
2
ξn,p
≡ K −O(2)m , (14)
−m qn,p′qn,p = m ξn,p′[iD/⊥,
1
n · iD ]
n/
2
ξn,p − 2m2ξn,p′
1
n · iD
n/
2
ξn,p
≡ O(1)m + 2O(2)m , (15)
where K is the kinetic term of SCET and the mass operators O(i)m are suppressed by λi
compared toK in SCETI. Because the kinetic term in the effective theory is not renormalized
to all orders in αs, it is also true for the reparameterization-invariant combination K−O(2)m .
But the other combination in Eq. (15) does not have such a constraint, and in general it can
have a nontrivial Wilson coefficient at higher orders. Putting these together, to all orders
in αs, the SCET Lagrangian can be written as
LSCET = K −O(2)m + C(µ)(O(1)m + 2O(2)m )
= K + C(µ)O(1)m +
(
−1 + 2C(µ)
)
O(2)m . (16)
The Wilson coefficient C(µ) can be obtained from matching the full QCD Lagrangian
onto SCET by treating the mass term as a perturbation. As will be explicitly shown in
the next section, when dimensional regularization is used both for the ultraviolet and the
infrared divergences, all the radiative corrections at order αs are zero since the ultraviolet
divergences cancel the infrared divergences. Therefore there is no finite contribution in
matching, and the Wilson coefficient remains as 1. The SCET Lagrangian, at least to first
order in αs, can be written as
LSCET = K +O(1)m +O(2)m . (17)
If the radiative corrections remain zero at higher orders, the Wilson coefficient is equal to 1
to all order in αs. An argument to the non-renormalization to all orders was presented in
the first reference of [8], and in Ref. [25] including the quark mass.
The scaling behavior of the quark mass can be considered by extracting the ultraviolet
divergent part in the radiative corrections of the operatorsO(1,2)m since these operators involve
the quark mass. It can be obtained by computing the radiative corrections for the quark
mass with the wavefunction renormalization of the spinor ξn. Physically, the scaling behavior
of the quark mass should be the same as that in the full theory since there are no degrees of
freedom integrated out, which contribute to the evolution of the quark mass of order Λ. For
example, the self energy for ξn is the same as that for the spinor ψ in the full theory. This
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is in contrast to HQET, where the magnetic operator has a nontrivial Wilson coefficient
because the hard calculation of the full theory has a dependence on the heavy quark mass.
All these aspects will be verified explicitly to order αs in the next section.
III. MATCHING AND RENORMALIZATION OF THE MASS OPERATORS
The matching between full QCD and SCET can be performed by considering the quark
propagator. The quark propagator in the full theory can be written to all orders in αs as
i
p/−m −→
i
p/−m−∑(p/,m) , (18)
where
∑
(p/,m) is the self energy of the quark, and the higher-order corrections of the full
QCD Lagrangian can be obtained by replacing the Lagrangian in momentum space as
ψ (p/−m) ψ −→ ψ
[
p/−m−∑(p/,m)]ψ. (19)
When we match SCETI onto the full theory at the scale µ ∼ Q where Q is the large
momentum of the collinear quark, the self energy can be written as
∑
(p/,m) = A(p2, µ)p/+B(p2, µ)m, (20)
where the virtuality of the collinear quark p2 is treated as µ2 ≫ p2 ≫ m2. At first order in
αs, the coefficients are given as
A(p2, µ) = −αsCF
4π
(1
ε
+ ln
µ2
−p2 + 1
)
,
B(p2, µ) =
αsCF
4π
(4
ε
+ 4 ln
µ2
−p2 + 6
)
, (21)
where D = 4−2ε and 1/ε represents the ultraviolet divergence and the infrared divergences
are regulated by the logarithmic terms. This method is useful in extracting the ultraviolet
divergences. For example, the counterterms for the wavefunction renormalization Zψ and
the mass renormalization Zm are given by
Zψ = 1− αsCF
4π
1
ε
, Zm = 1− αsCF
4π
3
ε
. (22)
A more convenient method is to use pure dimensional regularization with all the external
particles on their mass shell. This greatly simplifies the computation both in the full theory
and in the effective theory. In both theories the on-shell graphs have no finite parts since
there are scaleless integrals, which vanish in pure dimensional regularization. Furthermore
the matching results are gauge independent and renormalization-scheme independent only
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when we put the external particles on their mass shell. Eq. (21) can be written in pure
dimensional regularization as
A(µ) = −αsCF
4π
(1
ε
− 1
εIR
)
, B(µ) =
αsCF
4π
(4
ε
− 4
εIR
)
, (23)
where the infrared poles in εIR can be explicitly computed or can be inferred from the
ultraviolet divergence with the fact that the radiative corrections are zero.
At one loop after the ultraviolet divergence is removed, the radiative correction of the
full QCD Lagrangian is given by
(
1− αsCF
4π
1
εIR
)
ψp/ψ +
(
1− αsCF
4π
4
εIR
)
(−mψψ). (24)
To match this result onto SCETI, we convert p/ to iD/ and apply Eqs. (8), (14), and (15) to
Eq. (24). Then we obtain
ψ
[
p/−m−∑(p/,m)]ψ −→ (1− αsCF
4π
1
εIR
)
K
+
(
1− αsCF
4π
4
εIR
)
O(1)m +
(
1− αsCF
4π
7
εIR
)
O(2)m , (25)
where the operators K, O(1)m , and O(2)m are defined in Eqs. (14) and (15), and we use the
on-shell renormalization scheme in which the infrared divergences are regulated by the poles
in εIR.
In order to examine if the effective theory reproduces the infrared divergences of the full
theory and to extract the Wilson coefficients of O(1)m and O(2)m , we need to calculate the
one-loop corrections of O(1)m and O(2)m in SCETI. For the strange collinear quark (in the case
of up or down quarks the mass operators are more suppressed), both mass operators are
subleading because the operators start at order λ or λ2 since they are given as
O(1)m = mξn,p′
[
iD/⊥c ,W
1
PW
†
]n/
2
ξn,p + · · · = O(λ) + · · · ,
O(2)m = −m2ξn,p′W
1
PW
†n/
2
ξn,p + · · · = O(λ2) + · · · . (26)
Here P = n · P and W is the collinear Wilson line,
W (x) =
[ ∑
perms
exp
(
−g 1P n · An,q(x)
)]
. (27)
Since the subleading terms in the right side of Eq. (26) are connected to the leading terms
by the reparameterization invariance and the gauge symmetries, it is sufficient to consider
the loop corrections of the leading operators which we will denote as O(1)m and O
(2)
m .
First let us consider the one loop corrections of O(2)m . The relevant interaction vertices
and their Feynman rules are shown in Fig. 1. The Feynman diagrams for the radiative
9
O
(2)
m
p p′
µ, a
= igT anµ m
2
n · pn · p′
n/
2

O
(1)
m
p p′
µ, a
= igT am
[(
1
n · p −
1
n · p′
)γµ
⊥
+
p/⊥ − p/
′
⊥
n · pn · p′
nµ
]
n/
2

O
(1)
m
p p′
µ, a ν, b
q1
q2
= igT aT bm
[
1
n · (p + q2)
(
nµγν
⊥
n · p′
−
γµ
⊥
nν
n · p
)
+
(p/′
⊥
− p/⊥)n
µnν
n · pn · p′n · (p + q2)
]
n/
2
+( µ↔ ν, a↔ b, q1 ↔ q2 )
FIG. 1: Feynman rules for the operators O
(1)
m and O
(2)
m with one or two collinear gluons.
corrections at one loop are shown in Fig. 2. The radiative corrections for O(2)m with collinear
gluons will be the same as those in Fig. 2 due to the gauge invariance. If we put the external
particle off the mass shell, the radiative corrections in Fig. 2 are given as
M (2)a = −
αsCF
4π
m2
n · p
n/
2
[
−2 − 2
( 1
ε2
− 1
ε
− π
2
12
)
(−p2)−ε
]
,
M
(2)
b = M
(2)
c = −
αsCF
4π
m2
n · p
n/
2
(2
ε
+ 4
)
(−p2)−ε,
M
(2)
d = −
αsCF
4π
m2
n · p
n/
2
( 2
ε2
+
1
ε
+ 3− π
2
6
)
(−p2)−ε. (28)
Adding all these, we obtain
M (2)a +M
(2)
b +M
(2)
c +M
(2)
d = −
αsCF
4π
m2
n · p
n/
2
(7
ε
+ 7 ln
µ2
−p2 + 9
)
. (29)

O
(2)
m
p
(a)

(b)

(c)

O
(1)
m O
(1)
m
(d) p
FIG. 2: Feynman diagrams for the radiative corrections to O
(2)
m at one loop.
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This result will be used in computing the jet function for B → Xsγ at order αs. [See Fig. 6
(a), (b) and (c).] In pure dimensional regularization, all these diagrams vanish since the
integrals are dimensionless. However, it is transparent to write the result in pure dimensional
regularization from Eq. (29) as
M (2)a +M
(2)
b +M
(2)
c +M
(2)
d =
αsCF
4π
−m2
n · p
n/
2
(7
ε
− 7
εIR
)
, (30)
since the ultraviolet divergent piece is known.
For the one-loop corrections of the operator O(1)m , which has at least one collinear gluon,
it is convenient to use the background gauge field method [26]. Since the product of g and
the background field An is not renormalized in the background field gauge, the number
of Feynman diagrams to compute is fairly reduced, and they are shown in Fig. 3. The
computation of the diagrams is straightforward using the on-shell dimensional regularization
scheme with the external quark momenta p2 = p′2 = 0. The results without and with a triple
gluon vertex are given by
M (1)a +M
(1)
b +M
(1)
c +M
(1)
d +M
(1)
e +M
(1)
f +M
(1)
g
= 3
αsCF
4π
(1
ε
− 1
εIR
)
mgξn,p′
[( 1
n · p −
1
n · p′
)
A/⊥n +
p/⊥ − p/′⊥
n · pn · p′n · An
]n/
2
ξn,p
+
αs
4π
(− 1
2N
)
(1
ε
− 1
εIR
)
mgξn,p′
[
(
1
n · p −
1
n · p′ )A/
⊥
n +
p/⊥ − p/′⊥
n · pn · p′n · An
]n/
2
ξn,p, (31)

O
(1)
m
p p′
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j) .
FIG. 3: Feynman diagrams for one-loop corrections to O
(1)
m in the background field gauge.
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M
(1)
h +M
(1)
i +M
(1)
j
=
αs
4π
N
2
(1
ε
− 1
εIR
)
mgξn,p′
[( 1
n · p −
1
n · p′
)
A/⊥n +
p/⊥ − p/′⊥
n · pn · p′n · An
]n/
2
ξn,p, (32)
where M
(1)
i represents the ith diagram in Fig. 3, and N is the number of colors. Summing
these two results with CF = (N
2− 1)/(2N), the radiative correction of the operator O(1)m at
one loop is given as
M (1) =
αsCF
4π
(4
ε
− 4
εIR
)
mgξn,p′
[
(
1
n · p −
1
n · p′ )A/
⊥
n +
p/⊥ − p/′⊥
n · pn · p′n · An
]n/
2
ξn,p
=
αsCF
4π
(4
ε
− 4
εIR
)
O(1)m . (33)
From Eqs. (30) and (33), we can see that the radiative corrections of the operators O(2)m
and O(1)m in SCETI reproduce the infrared divergences in the full theory. And since the
radiative corrections are the same in both theories, the Wilson coefficients of both operators
are 1 with no contribution at one loop. We can also extract the counterterm for the quark
mass in SCETI. The counterterm Zξ for the wavefunction renormalization of a collinear
quark is given by
Zξ = 1− αsCF
4π
1
ε
, (34)
which is the same as the counterterm in the full theory for the quark field. Therefore we
obtain the counterterm for the quark mass from O(1)m and O
(2)
m as
ZSCETIm = 1−
αsCF
4π
3
ε
, (35)
which is the same as the full theory mass renormalization to first order in αs. This is to
be expected since we do not integrate out any degrees of freedom relevant to the collinear
quark mass from the matching. In summary, it has been shown that the counterterms for
the wavefunction and the quark mass are the same as those in the full theory, and there are
no contributions to the coefficients of the operators at one loop; that is, the operators are
not renormalized to order αs.
The matching between SCETI and SCETII is trivial because there is no hard-collinear
degrees of freedom (p2hc ∼ QΛ) to be integrated out in the SCETI Lagrangian. Note that the
situation is different for heavy-to-light currents with the spectator interactions in B decays
and for soft-collinear currents [27, 28], in which there arise nontrivial Wilson coefficients (or
jet functions) from the matching between SCETI and SCETII. A more concrete analysis on
the hard-collinear modes is discussed in Refs. [25, 28]. However the operators O(1)m and O
(2)
m
in SCETII remain as they are in SCETI since the collinear momentum p
2
c = m
2 is still very
small compared to matching scale µ ∼ √QΛ. Therefore in SCETII, the mass operators are
regarded as the leading operators for the strange collinear quark, and the operators have
the same Wilson coefficients and the same renormalization behavior as in SCETI with the
same mass renormalization given by Eq. (35).
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IV. QUARK MASS CORRECTIONS TO B¯ → Xsγ DECAYS
Inclusive B decays based on HQET [29] have been widely studied to extract Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements and to search for possible new physics. When
an emitted photon is energetic in the region of the phase space with p2X ∼ mBΛ, SCET
along with HQET is applicable and has been successfully applied [1, 13]. In this case, the
differential decay rate can be given by a factorized form as
dΓ
dEγ
∝ H J ⊗ f, (36)
where ⊗ means the appropriate convolution. Here H is a hard factor obtained from the
matching between the full theory and SCETI, J is a jet function obtained by integrating out
hard-collinear objects, and f represents the shape function of a B meson, which consists of
only soft interactions and is purely nonperturbative.
Recently the corrections of order Λ/mb to B¯ → Xsγ and B¯ → Xulν decays in the
endpoint region have been investigated using SCET [30, 31, 32]. Here the factorization
formula Eq. (36) still holds, and the subleading shape functions are studied to clarify the
uncertainty from the theoretical analysis. When the effect of the strange quark mass of order
Λ is included in B¯ → Xsγ or B¯ → Xsll, the mass corrections can also give a nonnegligible
contribution of order Λ/mb. In this section we focus on this fact and analyze the mass
corrections to the decay B¯ → Xsγ in the endpoint region. The result is also applicable to
the B¯ → Xsll, but it is not considered here.
The effective weak Hamiltonian for B¯ → Xsγ is given by [33]
Heff = −4GF√
2
VtbV
∗
ts
8∑
i=1
C fulli (µ)Qi(µ), (37)
where the main contribution comes from the operator
Q7 =
e
16π2
sσµνF
µν(mbPR +msPL)b. (38)
Here PR,L = (1± γ5)/2 and F µν is the electromagnetic field strength tensor. We choose the
frame in which the photon momentum qµ is in the nµ direction, qµ = n · qnµ/2 = Eγnµ,
where the photon energy Eγ near the endpoint satisfies mB − 2Eγ <∼ Λ. The strange quark
can be taken as a collinear quark in the nµ direction in the rest frame of a B meson.
Let us define the forward scattering amplitude Tµν as
Tµν =
1
2mB
〈B|Tˆµν |B〉, (39)
where Tˆµν is given by
Tˆµν = −i
∫
d4ze−iq·zT [J†µ(z)Jν(0)] (40)
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with the current
Jµ = i sσµνq
νPRb+
ms
mb
i sσµνq
νPLb. (41)
The inclusive photon energy spectrum can be written as
1
Γ0
dΓ
dEγ
=
8Eγ
m3B
1
π
ImT µµ (Eγ), (42)
where
Γ0 =
G2Fm
3
Bm
2
b
32π4
α|VtbV ∗ts|2|C full7 (mb)|2. (43)
The forward scattering amplitude Tµν(Eγ) in SCET near the endpoint region is given by
the factorized form in Eq. (36) and the power counting can be performed systematically.
The hard part can be computed from the matching between the full theory and SCETI, and
the heavy-to-light current can be expanded in terms of the currents in SCETI in powers of
λ ∼
√
Λ/mb. Then the time-ordered product of the effective currents can be expressed as
a convolution of the jet function and the shape function of the B meson by matching onto
SCETII. As a result, the forward scattering amplitude is given by the convolution of the
hard part, the jet function, and the shape functions.
We investigate the strange quark mass corrections to the inclusive decay rate to first
order in Λ/mb and αs. We show that these corrections can also be written in a factorized
form and the mass corrections reside only in the jet functions. This mass correction should
be included in the subleading contribution along with other subleading corrections from the
shape function to order Λ/mb, which was extensively discussed in Refs. [30, 31, 32].
A. Matching a heavy-to-light current with a quark mass
Let us consider matching the heavy-to-light tensor current Jµν = sσµν(1 + γ5)b at µ ∼
mb ∼ n ·p where n ·p is the large momentum component of the collinear strange quark. The
full-theory current can be matched onto the currents in SCETI, in which the hard degrees
of freedom such as mb and the large off-shellness p
2
hard ∼ m2b ∼ mbn · p are integrated out.
By choosing the heavy quark velocity as v⊥ = 0, n · v = n · v = 1, the heavy-to-light current
can be expanded in SCETI as
Jµν = e
i(p˜·z−mbv·z)
{ ∑
i
∫
dωCi(ω)j
(0)
iµν(ω) +
∑
i
∫
dωBi(ω)j
(1)
iµν(ω)
+
∑
i
∫
dωA′i(ω)j
(2)
iµν(ω) +
∑
i
∫
dωAi(ω)j
(m)
iµν (ω) + · · ·
}
, (44)
where the superscripts k (k = 0, 1, 2) denote the order in λ, and another superscript m
indicates the operators with the strange quark mass. The currents j
(m)
iµν are of the same
order as j
(2)
iµν as long as the mass is regarded as m ∼ Λ. From now on, we suppress the
exponential factors with the understanding that the label momenta are conserved. Since
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we focus on the mass corrections of the heavy-to-light currents and their relations to the
leading or the subleading currents in λ, we will not consider the currents j
(2)
iµν any more. The
detailed analysis on these currents can be found in Ref. [30].
At tree level, the current operator in the full theory can be expressed in terms of the
currents in SCETI as
Jµν = sσµν(1 + γ5)b
−→ ξnWσµν(1 + γ5)hv + ξn
n/
2
i
←−
D/⊥c W
1
n · P†σµν(1 + γ5)hv
+
1
mb
ξnσµν(1 + γ5)iD/
⊥
c W
n/
2
hv +mξnW
n/
2
1
n · P†σµν(1 + γ5)hv (45)
= j
(0)
1µν + j
(1)
1µν + j
(1)
2µν + j
(m)
1µν ,
J˜µν =
m
mb
sσµν(1− γ5)b −→ m
mb
ξnσµν(1− γ5)hv = j(m)3µν , (46)
where ξn is a collinear strange quark field and hv is a heavy quark field.
At order αs, we employ the modified minimal subtraction (MS) scheme using on-shell
dimensional regularization. In the full theory, the matrix element of the tensor current Jµν
at one loop is given as
〈Jµν〉(1) = αsCF
4π
{[
− 1
ε2
− 2
ε
+
2
ε
ln
n · p
µ
− 4 ln µ
mb
+
2(1− 2x)
1− x ln x
− 2 ln2 n · p
µ
− π
2
12
− 2Li2(1− x)− 4
]
〈sσµν(1 + γ5)b〉
+
[ 4
1− x ln x
] 1
mb
〈is(γµpν − γνpµ)(1− γ5)b〉
+
[2
x
(
1
ε
− 2 ln n · p
µ
+ 2)
] m
mb
〈sσµν(1− γ5)b〉
−
[4
x
(
1
ε
− 2 ln n · p
µ
+ 2− x
1− x ln x)
] m
m2b
〈is(γµpbν − γνpbµ)(1 + γ5)b〉
− 2m
xm2b
〈is(γµpν − γνpµ)(1 + γ5)b〉
}
, (47)
where x = n · p/mb, and all the poles in 1/ε represent the IR divergences. Here we use the
equations of motion p/bb = mbb and sp/ = ms putting each quark on shell with p
2
b = m
2
b ,
p2 = m2 → 0, keeping the terms to first order in the strange quark mass m. For J˜µν the
matrix element at one loop is given by
〈J˜µν〉(1) = αsCF
4π
{[
− 1
ε2
− 2
ε
+
2
ε
ln
n · p
µ
− 4 ln µ
mb
+
2(1− 2x)
1− x ln x
− 2 ln2 n · p
µ
− π
2
12
− 2Li2(1− x)− 4
] m
mb
〈sσµν(1− γ5)b〉
+
4m
m2b
ln x
1− x〈is(γµpν − γνpµ)(1 + γ5)b〉
}
. (48)
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Now we expand the current operators in Eq. (47) in powers of λ using the momentum
decomposition pµ = n · pnµ/2 + pµ⊥ + n · pnµ/2. These operators can be written in terms of
the gauge-invariant effective currents as
sσµν(1 + γ5)b −→ C1ξnWσµν(1 + γ5)hv +B1ξn
n/
2
i
←−
D/⊥c W
1
n · P†σµν(1 + γ5)hv
+B2
1
mb
ξnσµν(1 + γ5)iD/
⊥
c W
n/
2
hv + A1mξnW
n/
2
1
n · P†σµν(1 + γ5)hv + · · ·
= C1j
(0)
1µν +B1j
(1)
1µν +B2j
(1)
2µν + A1j
(m)
1µν + · · · ,
2
xmb
is(γµpν − γνpµ)(1− γ5)b −→ C2iξnW (γµnν − γνnµ)(1− γ5)hv
+B3iξn
n/
2
i
←−
D/⊥c W
1
n · P† (γµnν − γνnµ)(1− γ5)hv
+2B4iξn(γµi
←−
Dc
⊥
ν − i←−Dc
⊥
µ γν)
1
n · P† (1− γ5)hv
+A2imξn
n/
2
W
1
n · P† (γµnν − γνnµ)(1− γ5)hv + · · ·
= C2j
(0)
2µν +B3j
(1)
3µν + 2B4j
(1)
4µν + A2j
(m)
2µν + · · · , (49)
m
mb
sσµν(1− γ5)b −→ (A3 + A˜3) m
mb
ξnWσµν(1− γ5)hv + · · · = (A3 + A˜3)j(m)3µν + · · · ,
m
m2b
is(γµpbν − γνpbµ)(1 + γ5)b −→ A4 m
mb
iξnW (γµvν − γνvµ)(1 + γ5)hv = A4j(m)4µν + · · · ,
2m
xm2b
is(γµpν − γνpµ)(1 + γ5)b −→ (A5 + A˜5) m
mb
iξnW (γµnν − γνnµ)(1 + γ5)hv
= (A5 + A˜5)j
(m)
5µν + · · · ,
where we keep the effective currents to O(λ2). Here we use the fact that
J˜µν =
m
mb
sσµν(1− γ5)b −→ A˜3 j(m)3µν + A˜5 j(m)5µν . (50)
All the Wilson coefficients at tree level are 0 except
C1 = B1 = A1 = B2 = A˜3 = 1. (51)
Due to the reparameterization invariance, some of the Wilson coefficients at subleading order
are related to the leading coefficients. They are given by
C1 = B1 = A1, C2 = B3 = 2B4 = A2 (52)
to all orders in αs since those subleading operators with the corresponding Wilson coeffi-
cients are obtained by expanding the collinear field in a reparameterization-invariant way.
However the subleading operator with B2 is an independent operator. This operator can be
obtained when we consider the heavy-to-light current in which a collinear gluon is emitted
from the heavy quark and we integrate out the intermediate-state heavy particle. Therefore
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j
(m)
i
hv ξn
(a)

j
(m)
i
(b)

j
(1)
1 O
(1)
m
(c)

j
(1)
2 O
(1)
m
(d) .
FIG. 4: Feynman diagrams for the mass correction to the heavy-to-light current with j
(m)
i (i =
1, 2, · · · , 5) and O(1)m .
the coefficient B2 is not related to other Wilson coefficients and should be computed inde-
pendently. The radiative correction for the operator with B2 was considered at one loop in
Refs. [34, 35]. And A˜3 and A˜5 come from the operator proportional to ms = m in Q7, while
A3 and A5 come from the subleading contribution of the leading operator in Q7 at higher
orders in αs.
In order to match the full theory onto SCETI, we compute the radiative corrections in
SCETI. The relevant Feynman diagrams in SCETI at one loop are shown in Fig. 4. We
have verified that the infrared divergences of the full theory in Eq. (47) are fully reproduced
in the effective theory from the explicit calculations of the diagrams with the self energy of
the external quarks, and they cancel out in matching. In computing the Wilson coefficients,
the point is that all the radiative corrections in the effective theory are simply zero when
the on-shell dimensional regularization scheme is employed, and the Wilson coefficients can
be easily obtained.
The difference of the residues in the wave function renormalization between the full theory
and the effective theory for the heavy quark at one loop is given by
1
2
(
R
(1)
b − R(1)h
)
= −αsCF
4π
(
3 ln
µ
mb
+ 2
)
, (53)
and we find the Wilson coefficients Ci for j
(0)
iµν , Bi for j
(1)
iµν , and Ai, A˜i for j
(m)
iµν as
C1 = B1 = A1 = 1 +
αsCF
4π
[
−6− 7 ln µ
mb
+
2(1− 2x)
1− x ln x− 2 ln
2 n · p
µ
− 2Li2(1− x)− π
2
12
]
,
C2 = B3 = 2B4 = A2 =
αsCF
4π
( 2x
1− x ln x
)
,
A3 =
αsCF
4π
(
−4
x
ln
n · p
µ
+
4
x
)
,
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A4 =
αsCF
4π
(8
x
ln
n · p
µ
− 8
x
+
4
1− x ln x
)
, A5 = −αsCF
4π
,
A˜3 = 1 +
αsCF
4π
[
−6− 7 ln µ
mb
+
2(1− 2x)
1− x ln x− 2 ln
2 n · p
µ
− 2Li2(1− x)− π
2
12
]
,
A˜5 =
αsCF
4π
( 2x
1− x ln x
)
. (54)
The Wilson coefficients C1(µ) and C2(µ) are basically identical to those obtained in Ref. [2]
although the operator basis is different. The Wilson coefficients Ai, A˜i and Bi except B2
are new and first calculated here.
Note that all the operators in the basis {j(m)1µν , · · · , j(m)5µν } are not independent. Because
n/
2
= v/ − n/
2
in the B meson rest frame with the choice of vµ⊥ = 0, the operator j
(m)
1µν can be
written as
j
(m)
1µν = m ξnW (v/−
n/
2
)
1
n · P†σµν(1 + γ5)hv
= mξnW
1
n · P†σµν(1− γ5)hv − 2miξnW (γµvν − γνvµ)
1
n · P†σµν(1 + γ5)hv (55)
=
1
x
(
j
(m)
3µν − 2j(m)4µν
)
.
Therefore the number of the independent operators in the basis is four. But it is useful to
use this basis because the reparameterization invariance is shown transparently, as shown
in Eq. (54).
B. Jet functions and factorization in SCETII
Let us consider the contribution of the quark mass to the forward scattering amplitude
Tµν(Eγ). The current Jµ in Eq. (41) can be written in the effective theory as
Jµ = iEγ
nν
2
Jµν
= iEγe
i(p˜·z−mbv·z)
{∑
i
∫
dωCi(ω)j
(0)
iµ (ω) +
∑
i
∫
dωBi(ω)j
(1)
iµ (ω) (56)
+
∑
i
∫
dωAi(ω)j
(m)
iµ (ω) + · · ·
}
,
where j
(j)
iµ (ω) =
nν
2
j
(j)
iµν(ω), (j = 0, 1, m). Here we express j
(j)
iµν(ω) as
j
(j)
iµν(ω) = ξnWδ(ω − n · P†)Γ(j)i hv, (57)
with a delta function. In general, the operators j
(1)
2µν(ω) need additional parameters ω
′ at
higher orders in αs since it consists of at least three external particles including a collinear
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gluon, but it is not necessary at one loop since it is sufficient to consider the tree-level Wilson
coefficients of j
(1)
2µν(ω).
The forward scattering amplitude Tµν(Eγ) can be written as
Tµν(Eγ) =
E2γ
2
〈Bv|Tˆµν |Bv〉, (58)
with the normalization of the B meson states in HQET. Tˆµν is given by
Tˆµν = −i
∑
i,i′,k,k′
∫
dωdω′C
(k′)
i′ (ω
′)C
(k)
i (ω)
∫
d4ze−ir·zT
[
j
(k′)†
i′µ (ω
′, z), j
(k)
iν (ω, 0)
]
+ · · · , (59)
where C
(k)
i (k = 0, 1, m, · · ·) are the Wilson coefficients Ci, Bi, Ai, and A˜i in Eq. (56). The
momentum r in the exponential factor is defined as
rµ = qµ + p˜µ −mbvµ. (60)
Since the photon momentum qµ is given by qµ = n · qnµ/2, the label momentum of the
collinear strange quark is fixed as
n · p = mb, pµ⊥ = 0 (61)
giving n · r = r⊥ = 0. n · r can be written as
n · r = n · q −mb = mB − n · pX −mb, (62)
where pX is a momentum of the jet X and we use the momentum conservation mBv
µ =
qµ + pµX . Evidently n · r is of order Λ since the mass difference Λ = mB −mb and n · pX are
of order Λ.
We can express Eq. (59) showing the dependence of the quark mass explicitly as
Tˆ (m)µν = −i
∑
i,i′
{∫
dωdω′Ci′(ω
′)Ai(ω)
∫
d4ze−ir·zT
[
j
(0)†
i′µ (ω
′, z), j
(m)
iν (ω, 0)
]
+
∫
dωdω′Ci′(ω
′)Bi(ω)
∫
d4zd4xe−ir·zT
[
j
(0)†
i′µ (ω
′, z), iL(1)m (x), j(1)iν (ω, 0)
]
+
∫
dωdω′Ci′(ω
′)Ci(ω)
{∫
d4zd4xe−ir·zT
[
j
(0)†
i′µ (ω
′, z), iL(2)m (x), j(0)iν (ω, 0)
]
+
∫
d4zd4xd4ye−ir·zT
[
j
(0)†
i′µ (ω
′, z), iL(1)m (x), iL(1)m (y), j(0)iν (ω, 0)
]}
+ h.c.
}
, (63)
where the second and fourth contributions in Eq. (63) start at order αs since L(1)m contains
at least one collinear gluon. Note that all these terms are suppressed by λ2 compared to
the leading contributions in SCETI. Only the third and fourth terms are nonzero due to
the spin structure of the currents. The mass term flips the spin of the collinear quark, and
therefore there must be even powers of m to conserve spin.
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(a) j
(m)µ
k
j
(0)†
iµ

O
(2)
m
(b) j
(0)µ
k
j
(0)†
iµ
FIG. 5: Tree-level Feynman diagrams for the leading mass corrections to B → Xsγ near the end-
point region in SCETI. The mirror image of the diagram (a) should be included. The intermediate
hard-collinear strange quark is integrated out at µ ∼ √mbΛ to match onto SCETII.
The tree-level Feynman diagrams for the mass corrections to B → Xsγ in the endpoint
region are shown in Fig. 5. Fig. 5 (a) is zero as explained above. Fig. 5 (b) yields
M
(b)
ik,µν = −i
∫
d4zd4y e−ir·zT
[
j
(0)†
iµ (z), iL(2)m (y), j(0)kν (0)
]
, (64)
where the leading heavy-to-light currents j
(0)
kµ (k = 1, 2) are given by
j
(0)
1µ = iξnWγ
⊥
µ (1− γ5)hv −
i
2
ξnWnµ(1 + γ5)hv, j
(0)
2µ = iξnWγ
⊥
µ (1− γ5)hv. (65)
The amplitude M
(b)
ik,µν is given as
M
(b)
ik,µν = −
∫
d4zd4ye−ir·z T
[
j
(0)†
iµ (z)ξn
m2
n · p
n/
2
ξn(y)j
(0
kν(0)
]
(66)
=
m2
n · p
∫ dn · kdn · z
4π
e−in·(r+k)n·z/2
[
JP (n · k)
]2
T
[
hvY
(n · z
2
)
Γ
(b)
ik,µνY
†hv(0)
]
where the Dirac structure Γ
(b)
ik,µν is given by
Γ
(b)
11,µν = γ
⊥
µ n/γ
⊥
ν (1− γ5)−
nµ
2
n/γ⊥ν (1− γ5)−
nν
2
γ⊥µ n/(1 + γ5) +
nµnν
4
n/(1 + γ5),
Γ
(b)
12,µν = γ
⊥
µ n/γ
⊥
ν (1− γ5)−
nµ
2
n/γ⊥ν (1− γ5),
Γ
(b)
21,µν = γ
⊥
µ n/γ
⊥
ν (1− γ5)−
nν
2
γ⊥µ n/(1 + γ5), Γ
(b)
22,µν = γ
⊥
µ n/γ
⊥
ν (1− γ5). (67)
In Eq. (66), the ultrasoft interactions were decoupled from the collinear field, and the resul-
tant usoft Wilson line is given by
Y (x) =
[ ∑
perms
exp
(
−g 1
n · P n · Aus(x)
)]
, (68)
and n · P is of order Λ. In obtaining Eq. (66), we use the definition of the jet function
〈0|T
[
W †ξn(z)ξnW
]
|0〉 = in/
2
∫
d4k
(2π)4
e−ik·zJP (k), (69)
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where P = n · p is the label momentum, and the jet function is a function of n · k only with
JP (k) = JP (n · k).
The matrix element of the remaining operators can be written as
〈Bv|hvY (n · z
2
)Γ
(b)
ik,µνY
†hv(0)|Bv〉
=
∫
dn · lein·ln·z/2〈Bv|hvY Γ(b)ik,µνδ(n · l − n · i∂)Y †hv(0)|Bv〉
=
∫
dn · lein·ln·z/2tr
(Pv
2
Γ
(b)
ik,µν
)
〈Bv|hvY δ(n · l − n · i∂)Y †hv(0)|Bv〉
= −2(g⊥µν − iǫ⊥µν)
∫
dn · lein·ln·z/2f (0)(n · l), (70)
where Pv = (1+ v/)/2 is the projection operator for the heavy quark, and f
(0) is the leading
shape function of the B meson, which is defined as
f (0)(n · l) = 1
2
∫
dn · z
4π
e−in·l
n·z
2 〈Bv|hvY (n · z
2
)Y †hv(0)|Bv〉
=
1
2
〈Bv|hvY δ(n · l − n · i∂)Y †hv|Bv〉, (71)
with ǫ⊥µν = ǫµναβn
αnβ/2. Note that the final result of Eq. (70) is independent of Γ
(b)
ik since
only the first term in each Dirac structure in Eq. (67) contributes.
The forward scattering amplitude with the mass correction at tree level can be written
as
T (m)µν (ω) = −H˜(ω,mb, µ0)E2γ(g⊥µν − iǫ⊥µν)
∫
dn · kJ (m)ω (n · k)f (0)(n · k −mb(1− xγ)) (72)
= −H˜(ω,mb, µ0)E2γ(g⊥µν − iǫ⊥µν)
∫
dn · lf (0)(n · l)J (m)ω (mb(1− xγ) + n · l, µ0, µ),
where µ0 is a typical scale where SCETI can be matched onto SCETII, and ω is fixed as n ·p
by the delta function in Eq. (57). Here we use the relation n·l = n·k+n·r = n·k+Λ−n·pX .
J (m)ω (n ·k) is the jet function obtained from the matching between SCETI and SCETII, with
the tree-level result given by
J (m)ω (n · k)|tree =
m2
ω
(
Jω(n · k)
)2
=
m2
ω
1
(n · k + iǫ)2 . (73)
The hard factor H˜(ω,mb, µ0) is obtained by matching the heavy-to-light currents between
the full theory and SCETI and is evolved to the scale µ ∼ µ0. At µ = mb, it is given by
H˜(ω,mb, µ = mb) = |C1(ω,mb) + C2(ω,mb)|2. (74)
Since the invariant mass of the jet is given by p2X ≥ 0, the range of the residual momentum
n · k is 0 ≤ n · k ≤ n · pX . Also the residual momentum of the heavy quark n · l is smaller
than the B meson residual mass Λ = mB −mb.
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To proceed further, there are two possible types of formulations. One, based on the
second expression in Eq. (72), is useful in the moment analysis and will be illustrated in the
next subsection. Here, we begin with the first expression in Eq. (72), in which we write n · l
as [30]
n · l = Λ− (1− z)n · pX , (75)
where z is given by
n · k = zn · pX , 0 ≤ z ≤ 1. (76)
Then T (m)µν can be written as
T (m)µν = −E2γ(g⊥µν − iǫ⊥µν)H˜(n · pX , mb, µ0)n · pX (77)
×
∫ 1
0
dz J
(m)
n·pX
(zn · pX , µ0, µ) f (0)(Λ− (1− z)n · pX , µ)
≡ −E2γ(g⊥µν − iǫ⊥µν)H˜(n · pX , mb, µ0)
∫ 1
0
dz Jm(z, p2X , µ) f (0)(Λ− (1− z)n · pX , µ),
where we use the relation ω = n · p = n · pX at leading order. The dimensionless jet function
Jm is given as
Jm(z, p2X , µ) = n · pX J (m)n·pX(zn · pX , µ0, µ),
J (0)m (z, p2X , µ) =
m2
p2X
1
(z + iǫ)2
, (78)
where J (0)m is the jet function at tree level. When we take a discontinuity of the forward
scattering amplitude, the imaginary part entirely comes from the jet function, which is given
by
Im
( 1
π
J (0)m
)
=
m2
p2X
d
dz
δ(z). (79)
As shown in Eq. (77), the forward scattering amplitude can be expressed as a convolution
of the jet function and the shape function; that is, it is given by the factorized form with the
hard factor, the jet function with the mass correction, and the leading-order shape function.
Note that the effect of the quark mass, even at higher orders inm2/p2X , resides only in the jet
functions as it should, and it does not affect the B-meson shape function. In order to obtain
the full subleading contributions to the decay rate, we should include the mass correction
in the jet functions, the contribution of the subleading B-meson shape functions induced
by the high-dimensional heavy-quark bilinears, which can be studied in the framework of
HQET, and the effects of the subleading heavy-to-light currents in taking the time-ordered
products.
As can be seen in Eqs. (78) and (79), the subleading jet function from the mass correction
is suppressed bym2/p2X orm
2/(mbΛ) compared to the leading jet function. This contribution
is of order Λ/mb if we treat the strange quark mass to be of order Λ. This is one of the
examples in which the subleading terms are formally suppressed by Λ2/m2b , but they are
actually suppressed by Λ/mb near the endpoint.
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FIG. 6: Feynman diagrams for the jet function at one loop. The mirror diagrams of (b), (d), (e),
and (f) are omitted. The Sudakov double logarithms are produced only in the diagram (d).
We can expand the jet functions in powers of m2/p2X and αs. The jet function at first
order in m2/p2X and in αs can be computed, with the relevant Feynman diagrams shown in
Fig. 6. The contributions of Fig. 6 (a), (b), (c) are obtained from Eq. (29), and Fig. 6 (d),
(e), (f) with their hermitian conjugates are given as
∑
i=a,b,c
J (1)m,i =
αsCF
4π
m2
p2X
1
(z + iε)2
(−p2X)−ε
(7
ε
+ 9
)
,
J (1)m,d =
αsCF
4π
m2
p2X
1
(z + iε)2
(−p2X)−ε
( 4
ε2
+
4
ε
+ 8− π
2
3
)
,
J (1)m,e =
αsCF
4π
m2
p2X
1
(z + iε)2
(−p2X)−ε
(
−2
ε
− 2
)
,
J (1)m,e =
αsCF
4π
m2
p2X
1
(z + iε)2
(−p2X)−ε
4
ε
. (80)
Therefore the jet function at order αs is given as
J (1)m (z, p2X , µ) =
αsCF
4π
m2
p2X
1
(z + iǫ)2
[
2
(
ln
p2X
µ2
+ ln(−z − iǫ)
)2
−13
(
ln
p2X
µ2
+ ln(−z − iǫ)
)
+ 15− π
2
3
]
. (81)
The discontinuity of the jet function to order αs is given by
Im
(1
π
Jm
)
=
m2
p2X
d
dz
{
δ(z) +
αs
4π
CF
[(
2 ln2
p2X
µ2
− 9 ln p
2
X
µ2
+ 10− π2
)
δ(z)
+
(
4 ln
p2X
µ2
− 9
) 1
(z)+
+ 4
(
ln(z)
z
)
+
]}
. (82)
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C. Moment analysis of the mass correction
In the endpoint region xγ → 1 (xγ = 2Eγ/mb), it is useful to consider the moments of
the differential decay rate and take the large N limit. In the limit 1 − xγ ∼ 1/N ∼ Λ/mb,
the moments of the mass correction to the differential decay rate can be studied. In doing
the moment analysis, it is convenient to employ the second expression for T (m)µν in Eq. (72).
Consider the quantity
S =
∫
dn · lf (0)(n · l)J (m)ω (mb(1− xγ) + n · l, µ0, µ), (83)
with the momentum of the strange quark pµs = mbn
µ/2 + kµ + mb(1 − xγ)nµ/2. The jet
function has support for −mb(1− xγ) ≤ n · l ≤ Λ, and if we let n · l = −(1− y)mb Eq. (83)
can be written as
S = mb
∫ mB/mb
xγ
dyf (0)(−mb(1− y))J (m)mb (y, zγ), (84)
where the jet function proportional to m2 to order αs is given by
J (m)ω (y, zγ) =
m2
ωm2by
2
1
(1− zγ + iǫ)2 (85)
×
[
1 +
αsCF
4π
(
2 ln2
−ωmby(1− zγ)
µ2
− 13 ln −ωmby(1− zγ)
µ2
+ 15− π
2
3
)]
,
where zγ = xγ/y. Taking the imaginary part, we obtain
− 1
π
ImJ (m)mb (y, zγ) =
m2
m3by
2
{[
1 +
αsCF
4π
(
2 ln2
m2by
µ2
− 9 ln m
2
by
µ2
+ 10− π2
)] d
dzγ
δ(1− zγ)
+
αsCF
4π
[(
4 ln
m2by
µ2
− 9
) d
dzγ
1
(1− zγ)+ + 4
d
dzγ
( ln(1− zγ)
1− zγ
)
+
]}
≡ 1
mby2
J (m)(zγ), (86)
where we neglect ln y terms near the endpoint y → 1, and J (m)(zγ) is a dimensionless
function suppressed by m2/m2b .
Finally the mass correction to the differential decay rate can be written as
1
Γ0
dΓ(m)
dxγ
= H˜(mb, µ0)x
3
γ
∫ 1
xγ
dy
y2
f
(0)
(y, µ)J (m)
(xγ
y
, µ0, µ
)
, (87)
where f
(0)
(y, µ) = f (0)(−(1−y)mb, µ)/mb, and the difference betweenmb andmB is neglected
because it is subleading. The moments of the mass correction to the differential decay rate
are given by
∫ 1
0
dxγx
N−1
γ
1
Γ0
dΓ(m)
dxγ
= H˜(mb, µ0)
∫ 1
0
dxγx
N+2
γ
∫ 1
xγ
dy
y2
f
(0)
(y, µ)J (m)(xγ
y
, µ0, µ)
= H˜(mb, µ0)
∫ 1
0
dyyN+1f
(0)
(y)
∫ 1
0
dzγz
N+2
γ J (m)(zγ). (88)
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Therefore the moment of the differential decay rate is given by the product of the moments
of the shape function and the moments of the jet function. The moments J (m)N to order αs
are given by
J (m)N =
∫ 1
0
dzγz
N−1
γ J (m)(zγ)
= −m
2
m2b
(N − 1)
[
1 +
αsCF
4π
(
2 ln2
m2b
µ2
+ (4HN−2 − 9) ln m
2
b
µ2
+4
N−2∑
j=1
Hj
j
− 9HN−2 + 10− π2
)]
, (89)
where ln y is neglected in the limit y → 1, and Hj = ∑jk=1 1/k. In the large N limit, this
becomes
J (m)N (µ) = −
m2
m2b
N
[
1 +
αs
4π
CF
(
2 ln2
m2b
µ2N
− 9 ln m
2
b
µ2N
+ 10− 2π
2
3
)]
, (90)
where N = NeγE .
For comparison, the leading result without the quark mass term can be written in the
same way as Eq. (72) with the jet function replaced by
J (0)ω (y, zγ) =
1
mby(1− zγ + iǫ)
[
1 +
αsCF
4π
(
2 ln2
−ωmby(1− zγ + iǫ)
µ2
−3 ln −ωmby(1− zγ + iǫ)
µ2
+ 7− π
2
3
)]
, (91)
with discontinuity
− 1
π
ImJ (0)mb (y, zγ) =
1
mby
{
δ(1− zγ)
[
1 +
αsCF
4π
(
2 ln2
m2by
µ2
− 3 ln m
2
by
µ2
+ 7− π2
)]
+
αsCF
4π
[
4
( ln(1− zγ)
1− zγ
)
+
+
(
4 ln
m2by
µ2
− 3
) 1
(1− zγ)+
]}
θ(zγ)θ(1− zγ)
≡ 1
mby
J (0)(zγ , µ), (92)
where we again neglect ln y terms near the endpoint y → 1. This is consistent with the
result in Ref. [30].
The leading differential decay rate is given by
1
Γ0
dΓ
dxγ
= x3γ
(mb
mB
)3
H˜(mb, µ0)
∫ mB/mb
xγ
dy
y
f
(0)
(y, µ)J (0)(xγ
y
, µ0, µ), (93)
with moments ∫ mB/mb
0
dxγx
N−1
γ
1
Γ0
dΓ
dxγ
=
(mB
mb
)3
H˜(mb, µ0)
∫ mB/mb
0
dxγx
N+1
γ
×
∫ mB/mb
xγ
dy
y
f
(0)
(y, µ)J (0)(xγ
y
, µ0, µ)
=
(mB
mb
)3 ∫ mB/mb
0
dyyN+2f
(0)
(y, µ)
∫ 1
0
dzγz
N+2
γ J (0)(zγ , µ0, µ). (94)
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The moments of the differential decay rate is factorized into a product of the moments of
the jet function and the moments of the shape function of the B meson. The moments of
the leading-order jet function become
J (0)N =
∫ 1
0
dzγz
N−1
γ J (0)(zγ)
= 1 +
αsCF
4π
[
2 ln2
m2b
µ2
− (4HN−1 + 3) ln m
2
b
µ2
+ 3HN−1 + 4
N−1∑
j=1
Hj
j
+ 7− π2
]
−→ 1 + αsCF
4π
(
2 ln2
m2b
µ2N
− 3 ln m
2
b
µ2N
+ 7− 2π
2
3
)
. (95)
In Eq. (88), the typical matching scale µ0 between SCETI and SCETII can be considered
as mb/
√
N and the hard coefficients H˜ evolves from the scale µ = mb to mb/
√
N . The
jet function, determined at the scale µ = mb/
√
N , scales down to the arbitrary scale µ <
mb/
√
N . Since the product of f
(0)
N (µ) and J (m)N (µ0, µ) is independent of the renormalization
scale µ, the renormalization behavior of J (m)N (µ0, µ) is easily determined from the scaling of
f
(0)
N (µ), which is given as [1, 13]
µ
d
dµ
f
(0)
N (µ) = −γN (µ) f (0)N (µ), (96)
where γN is the anomalous dimension of the shape function. For large N and at order αs,
it is given by
γN(µ) = −αsCF
π
(
1 + 2 ln
mb
µN
)
. (97)
Finally, since the hard part and the shape function in the leading mass correction of the
moments of B → Xsγ are the same as those of the leading-order moments [1], we find the
resummation for the moments of the leading mass correction at the scale µ = mb/N to order
αs can be written as
∫ 1
0
xN−1γ
1
Γ0
dΓ(m)
dxγ
(mb
N
)
= f
(0)
N
(mb
N
)(αs(mb/√N)
αs(mb)
)CF
β0
(
5−8pi
β0αs
)(
−Nm
2(mb/
√
N)
m2b
)
×
(
αs(mb/N)
αs(mb/
√
N)
) 2CF
β0
(
1+ 4pi
β0αs
−2 lnN
)
. (98)
This result represents that the leading mass corrections are of order (m2/m2b)N ln
kN in the
large N limit, and they are resummed in moment space. Compared with the leading-order
moments, the leading mass correction is always suppressed by Nm2/m2b ∼ Λ/mb.
A note is in order for Eq. (98), in which the quark mass m is evaluated at mb/
√
N instead
of mb/N . This means that the strange quark mass is frozen at µ = mb/
√
N , and the scaling
behavior below that scale to mb/N resides in the jet function. This is motivated by the
fact that the effects of the quark mass reside only in the jet function and it looks more
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transparent to consider the scaling behavior of the jet function as a whole including the
quark mass. As can be seen in Fig. 6 (a)-(c), the radiative correction for the quark mass is
included in computing the jet function. Another equivalent way of expressing Eq. (98) is to
separate the effects of the quark mass from the remainder of the jet function and to scale
each of them. Then the result can be expressed with m2 evaluated at mb/N . These two
methods are equivalent, and the latter method may be useful in considering the effects of
the quark mass in exclusive B decays.
From this analysis we find that the quark mass effect to the leading decay rate is of order
Nm2/m2b ∼ m2/m2b(1−xγ) ∼ m2/mbΛ near the endpoint region 1−xγ ∼ Λ/mb. The size of
the subleading corrections in Ref. [30] is of order Λ/mb. The quark mass corrections and the
subleading corrections are of the same order if we regard the strange quark mass as of order
m ∼ Λ. However, the strange quark mass is numerically about 80–130 MeV. Taking Λ ∼
500 MeV, the quark mass correction is about 2–7% of other subleading corrections, and less
than 1% compared to the leading decay rate. Therefore the mass effect can be regarded as
small compared to other subleading corrections, but the important point is that the effect
of the light quark mass can be systematically implemented in the theoretical framework of
SCET, and as experimental uncertainties become smaller, this effect should also be included.
V. CONCLUSION
We have considered the contribution of a quark mass of order Λ in SCET and its appli-
cation to B → Xsγ in the endpoint region. The quark mass can be included in the SCET
Lagrangian systematically by integrating out hard degrees of freedom. We can find an ex-
tended reparameterization invariance including the quark mass, in which we modify only
the reparameterization transformation of the spinor for the transformation of type-II. As a
result, the SCET Lagrangian can be separated into two reparameterization-invariant combi-
nations. The subleading operators in each combination are related to the leading operators
in that combination by the reparameterization invariance, and they have the same Wilson
coefficients as those of the leading operators. In particular, we find that the mass operators
in the SCET Lagrangian have trivial Wilson coefficients and are not renormalized. These
results are explicitly confirmed by the calculation of the corrections to the mass operators in
SCET to one loop. The extended reparameterization invariance also constrains some of the
Wilson coefficients for the heavy-to-light current operators with the quark mass. It plays
an important role in the matching process of the subleading heavy-to-light currents and the
higher-order calculations of the time-ordered products of the mass operators.
When we consider B → Xsγ in the endpoint region, treating the strange quark mass to
be of order Λ, the subleading contribution is of order Λ/mb. We have verified this by match-
ing the heavy-to-light current onto SCETI with the mass operators. Many of the currents
with the mass are related to the leading-order currents by the extended reparameterization
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symmetry. There are also subleading operators which are independent of the leading cur-
rent, and these are obtained at higher orders in αs. There are no contributions with odd
powers of m to the decay rate because of spin conservation. The subleading contributions
of order m2/p2X ∼ Λ/mb come from the time-ordered products of the double spin-flipped
currents with the leading heavy-to-light currents, and the double spin-flipped currents are
obtained by the time-ordered products of the leading currents with the mass operators in
the SCET Lagrangian. The mass correction to the forward scattering amplitude is given by
the factorized form which is expressed as a convolution of the m2/p2X suppressed jet function
and the leading shape function of the B meson. The jet functions which are obtained from
the matching between SCETI and SCETII can be always expanded by m
2/p2X , and can be
computed perturbatively in αs.
In some B decays, the subleading effects can be important to extract the CKM matrix
elements. We have shown that the strange quark mass corrections give nonnegligible contri-
butions of order Λ/mb in B¯ → Xsγ, and it would be interesting to see if the mass corrections
can give significant contribution to other B decays. The results in this paper can be a basis
on how to explain the SU(3) flavor-symmetry breaking effects, as in B → K∗γ and B → ργ,
in which the mass effects could be a leading result.
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